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MINIMAL SUBMANIFOLDS OF E*"*' ARISING FROM
DEGENERATE SO(3) ORBITS ON THE GRASSMANNIAN

J. M. LANDSBERG

ABSTRACT. We give new examples of minimal submanifolds of E*™*! char-
acterised by having their Gauss map’s image lie in degenerate SO(3) orbits

of G, 5.1, the Grassmannian of p-planes in E*"*! (where the action on

G, 2n41 is induced from the irreducible SO(3) action on R*"*!) . These sub-
mamfolds are all given explicitly in terms of holomorphic data and are linearly
full in E"*! .

INTRODUCTION

This paper is an example of a new technique for studying minimal submani-
folds. The technique may be regarded as generalizing the use of calibrations. A
calibration on a Riemannian manifold is a closed unit comass p-form that de-
termines a subset of the Grassmann bundle (called a face) having a minimizing
property; any submanifold of the original manifold whose Gauss map’s image
is contained entirely in a face is area minimizing in its holomology class (see
[HaLl]). Here we consider other subsets of the Grassmannian, not determined
by calibrations but still having a minimality (but perhaps not minimizing) prop-
erty. We will call these subsets m-subsets. (General questions regarding faces
and m-subsets of the Grassmannian will be discussed in [L].)

The m-subsets in this paper are degenerate SO(3) orbits for the SO(3)

actionson G, ,, ., , the Grassmannian of p-planes in g2+ (Euclidean 2n+1

space), induced from the irreducible representation of SO(3) on R™*! | Since
SO(3) preserves no nontrivial forms on R**! under this action, the subsets
cannot arise from calibrations. If one considers the action as an almost faithful
SU(2) action instead, then the analogous two-dimensional orbits on G, , are
just the complex Grassmannians, GlC , (which are calibrated by the Kahler

form) and one recovers the classical fact that complex submanifolds of C* when

considered as real submanifolds of E* are minimal (in fact area minimizing).

The solution minimal submanifolds to the examples of this paper share a trait

with their classical counterparts, in that they may be written explicitly in terms
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102 J. M. LANDSBERG

of holomorphic data. However, in the classical case the holomorphic functions
are defined as graphs in C?> = E* and in our case the functions are naturally
defined on an auxiliary manifold and need to be transported to E>"*! in order to
obtain the solution submanifolds. The solutions turn out to be ruled nontrivially
by (p — 2)-planes and the base submanifold of the rulings is the transported
complex curve. The simplest of these solutions for minimal 3-folds in R’ (the
transported zero function) already gives an interesting submanifold, the cone
over the so-called real Veronese surface in S* (as described in [M] and [HsL]).

In §1, we set up the principal coframe bundles we work on and describe the
s0(3) = su(2) action on R explicitly. In §2, we prove the two-dimensional
SO(3) orbits are involutive m-subsets and set up the equations for the minimal
submanifolds. We also show that no three-dimensional orbits are involutive -
subsets by proving the stronger statement that there are no three-dimensional
involutive m-subsets of any Gp,n . In §3 we introduce complex notation, de-
scribe the auxiliary manifold on which we solve for the complex curve, and
prove the existence of solutions depending on the complex curve. §4 begins the
computation to describe the solutions explicitly in coordinates on E>"*! which
is finished in §5 for 3-folds in E.

The idea to study m-subsets is due to R. Bryant and the author gratefully
thanks him for his generous help and extreme patience. I also thank A. Grassi,
L. Hsu, T. Murdoch, H. Pittie, T. Shifrin, and especially T. Ivey and R. McLean
for suggestions and corrections.

1. THE u(SU(2)) COFRAME BUNDLE AND ITS STRUCTURE EQUATIONS

Let G be a Lie group with Lie algebra g. Let u: G — SO(N) be a
representation of G in SO(N). Let u, be a global framing of TE", ie.
Ul TXEN — R" is a linear isomorphism for all x € EV. Let %(G)(EN) , Or
simply .¥ , denote the space of pairs (x, u) where x € EY and u = g_'u0
where g € u(G). & is called the u(G)-principal coframe bundle (G acts on
F by L g(x, u) = (x, gu)). It comes equipped with a canonical left invari-

ant R" valued one-form, defined by Wy = g 'dx, where u = g_luo,

and a u(g)-valued connection form Dix oy = g"l dg. We have the structure
equations

(1.1) dwo=-¢ANw, do=-pN.

In this paper we will take G = SO(3) = SU(2)/Z,, and u: SO(3) —
SO(2n + 1) will be the unique irreducible representation of SO(3) on R
For geometric reasons that will become clear later we take advantage of the iso-
morphism so(3) = su(2) and work with su(2). If we write the Maurer-Cartan
form of su(2) as

(1.2) w:%(”’ _ﬁ), peR, m=a+ifeC,

2n+1

o —ip
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and take a basis of R***' such that u(su(2)) has the following Maurer-Cartan
form
( 0 —cl 0 . 0
J -oT 0 0
o ol 27 - 0 0
: —c.!
(13) ¥= 0 Gl 3J ¢, I1 O ’
0 0 0 ¢, 1 (n-1)J —'II
\o 0 o o 0 el ns )
where P 0
() (G2 (50
(l? B «a -p 0
and

(G AN T (GO RGNE

then the entries of ¥ have the same structure equations as those of y , namely,
(1.4) dp=%7t/\7‘r, dn=ipAm.

This basis is natural in the sense that the truly natural basis on crloof
increasing weights along the diagonal (see (5.1)) is not convenient since the
standard so(2n+ 1) is skew symmetric, so we pair the weights kp and —kp in
2 x 2 blocks arranged in increasing order along the diagonal. This and requiring
the same structure equations of the standard basis of su(2) determine the basis.

2. DESCRIPTION OF THE M-SUBSET ORBITS

Let 9;0( N denote the bundle of oriented orthonormal coframes of E¥ and
cons1der G (so(3)) 3s 2 submanifold. On 9;0( Ny we have the semibasic forms
o' , and the connection forms 19: where we may write

a; ¢, a b Il 148
0= ¢a Ba s ﬂb=_ﬂa>aj=_a,'a ¢a=¢i’
i Pb
where the d)“ are semibasic for the projection .750 — G(p,E ) and G(p,E )
denotes the Grassmann bundle over E¥ whose ﬁbers are isomorphic to G

Since EV is flat, we will 1dent1fy each fiber with G, N and work there. Gnven
an embedding f: M — E" let f be alift of f to % sovy - We have f¢f =
hfjf'wj , where h;; are the coefficients of 11, € Ny, ®Sym 2(T*(f(M))), the
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second fundamental form (where N o) is the induced normal bundle). The
image of I1 + under the map

(2.1) trace: N,y ® Sym”(T"(f(M))) = Ny

is called the mean curvature vector. f(M) is said to be minimal if the mean
curvature vector is zero, i.e. if Zihf,. =0 forall n—p < a < n. Notice that
when restricted to 57;(30(3)) , 0=V,

There are two types of SO(3) of orbits on Gp’ one1 s the generic three-
dimensional ones, and the special two-dimensional ones which occur when a
maximal torus (an S l) acts trivially on the orbit. Note that none of these
orbits could be the face of a calibration. This is because any such calibration
would have to be invariant under the SO(3) action on A’R**!, but this action

has no fixed elements.

Theorem 2.1. The special SO(3) orbits are m-subsets of G, ,,.,, i.e. any
f: M — E" such that the image of the Gauss map Yrt M - Gp,2n +1 Is con-
tained in a special orbit X is minimal.

Proof. (Case p is odd.) To have an S ! acting trivially on an orbit implies that
we can choose bases such that

Y= orb{a’x0 ANdx™™ 2

2i,~1

"adx® ndx® T AdxP A ndx T Adx ),

where (il,...,iq)c(l,...,n) and 1< <--~<iq_<_n and ¥ of (1.3) is

the Maurer-Cartan form. In fact take X = orbit of dx°A---Adx?~! , the other
cases are similar.
We are looking for maps f such that

@A ne®y#£0, f(@)=0, p<a<o2n,

where f is a lift of f to & .

In the language of Exterior Differential Systems (see [BCG3 ] or the appendix
to [B2]) we look for integral manifolds of tte differential ideal .# = {&’ o,
™"}, with independence condition Q = @’A-- AP (where {0 ..., @*"}
means the differential ideal generated by o', ..., 0™).

Since exterior differentiation commutes with pullback, on a solution we will
have f*(dw®) =0, or, on the lift of a solution to & , we need dw® = Omod.# .
So on any integral element (i.e. any p-plane that is a candidate to being a tangent
plane to a solution) we must have dw” = Omod.# . All these are identities
except (¢ =(p+1)/2),

(2.2) d (f;:) = —, (; "aﬂ) A (“’;,:l> mod.” .

So on an integral element we must have

p 4

-1 -1
a=aw’” +bo’, B=bed" -aw
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for some constants a and b. This implies #**>, ..., h*" =0, and

a b 0 - 0 -b a0 0

b -a 0 --- 0 a b 0 0
wht=(0 0 0 - 0], HT?=|0 00 0,

0 0 0 -0 0 00 - 0

so any solution must be minimal.
Case p is even: Here we may reduce to the case = = orb{dx>"?A---Adx*"},
s0 & ={0, ..., " ?7'} and on integral elements we need

do’=- - =do®™?""'=0 mod.”.
All these are satisfied already except (¢ = %’-ﬂ) s
2n—p—1 2n—p+1
w _ a fp w
So on an integral element we must have
2n—p+1

a=daw + bw2n—p+2 , B _ bw2n—p+1 _ awzn_p+2 .
This implies that K, ... A" P73 -0, and
0o .- -« 0 0 - e 0
p2nr-2 _ 0o - 0|, p2rr-l _ 0 ... 0|
Pl i a4 b Pl b —a
0 “ee O b —a 0 . 0 —a b

s0 again any solution must be minimal.

Remark. One may think of these SO(3) orbits as “twisted” faces, in that the
tangent space (tableau) associated to these orbits is the same as that of the cp!
face corresponding to the Kahler form on the C factor of R***! =~ C! ¢ R**"!
wedged with the dual of a (p—2)-plane. The difference is that the (p—2)-planes
associated to the SO(3) orbits move, while the plane in the CP! face is fixed.

Remark. (2.2) and (2.3) may be compared with the equations to get a complex
curve in C? ~ R* using the same techniques as this paper. One works on
'71'((SU(2)) , where by R(SU(2)) we mean SU(2) embedded as a subgroup of

SO(4) using the identification C?> ~R*. The reader may wish to carry out this
computation while following the computations of this paper to compare with
the results presented here. The structure equations on %(sv(z)) are

w; 0 —p -a -8B w;
o'l __[p 0 B -a w
(2.4) d PN a - 0 p A ’
ot B a —-p O w?
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For the differential system one takes ¥ = {®’, '} and Q = w' A &°.

Remark. In §3 we will see that there are abundant solution minimal submani-
folds in each dimension which have an open subset of the m-subset X as the
image of their Gauss map. There exist faces having only trivial smooth solu-
tions (see Proposition 8.7 of [HM] where a face which is an S* has no C?
solutions) and faces having only solution submanifolds whose Gauss map lies
in a proper m-subset of the given one. In this paper we restrict attention to
m-subsets that have solution submanifolds whose Gauss map’s image does not
lie in any proper sub-m-subset. In fact, we restrict our attention to involutive
m-subsets so named because their associated EDS for solution submanifolds is
involutive. To dispense with the three-dimensional orbits we prove the more
general

Theorem 2.2. No three-dimensional submanifold X of any G, ,isan involutive
m-subset.

Remark. In the proof and lemmas that follow we will use facts and terminology
from EDS, so the reader not familiar with the language of EDS may wish to
skip to Proposition 2.6. (What follows will not be used elsewhere in this paper.)
However, the reader should know that most of the results of this paper were
originally found using techniques from EDS and it was possible to reformu-
late them with just passing reference to EDS only because the relevant systems
turned out to be equivalent to the system associated to a familiar PDE system,
that of the Cauchy Riemann equations.

Proof. Let T be an involutive m-subset and let f: M — E" be such that
7,(M) is an open subset of X. Using the identification 7,G, , = el
we have T,Z C E @&, Let Té”Z denote (T,Z®¢")N (' ® Sym?¢&").
Tf“)Z may be thought of as the space of possible second fundamental forms
for solutions f. More precisely, the tableau of the differential system for lifts
to F5p(, of maps f such that y,(M)P" C X is T,E C & @&, Thus T;'%
is the space of integral elements of TfZ. For example, the lower-left-hand
p x (2n+1—p) block of (1.3) is the associated tableau for maps having images
in special SO(3) orbits. (The identification is possible because G, , factors
through the projection .# — E".) Given such an f, by the discussion above
(2.1), we see that Ilf|x is well defined as an element of Té')Z foreach x e M.
Thus to guarantee that every potential second fundamental form arising from
a Gauss map to X is traceless we need Tél)}: to be in the kernel of the map

(2.1) which we now consider as trace: Tg”Gp’,, — &1, We will call tableau A4

such that 4" ¢ Ker(trace) ‘m-tableau’.

There are three possible forms an involutive 3-dimensional tableau 4 could
take, which are distinguished by the possibilities for the reduced characters.
Namely we could have

Casel. 57=3, 5,=0,
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Case2. s;=2, s5=1,5,=0,0r

Case3. sy=sy=s,=1, 5,=0.
The following three lemmas dispose of these cases while proving more general
statements hinting at the severe restrictions placed on involutive m-tableau. (A
partial classification of all involutive m-tableaux is given in [L].)

Lemma 2.3. Any involutive tableau with s; =21—1, s, =0, [ € Z", cannot be
an m-tableau.

Proof. Using Guillemin normal form as described in Chapter 4 of [BCG3 ], we
may write the nonzero part of the tableau as

(n})=(C;n, Cym, ..., C,n),

where

are independent one-forms, and C, € M,
CJC,, 1<i,j<n, C,=1d.

Integral elements are given by writing the 7:“ as linear combinations of a
basis o' ,...,w" of F|F, n —p .’ where pU —pﬂ In this case we may

arbitrarily specify the 2/ — 1 constants p11 which determine the other p, ; by

(R), are matrices satisfying C,C =

Py = (Cy(C))ipy, -

The minimality condition is that Y1, pf, =0 forall 1 <a <2/ —1. We have

Zp,,— i ) p“a

which must equal 0 for all choices for pfl , 1.e. we need Z;’=1(C5)2 =0 or
n

(2.5) 1d+3(C,)* =0.
o=2

Now since CiC Cj C,, they share the same eigenspaces. In particular,

since s is odd they share a common eigenline along with the (Ci)z’s and that
line must have a nonnegative eigenvalue for each (C ,.)2 . Thus the sum of these
will not cancel the +1 eigenvalue of Id in that direction, so (2.5) is not possible.

Lemma 2.4. Any involutive tableau with s, =1, sy =1, | > 2, cannot be an
m-tableau.

Proof. The nonzero part of any such tableau can be written as

1 1
(C1+Em,,...,CI1+Em,)),
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where
. 0 --- 0
! a a,
I1= , CjeM,X,, C,=1d, G, = ,
n ! : !
1 al a
1
2
)
EjeM,xl, E =(0), E,= o
i
53

and n: ey ni , and n; are independent one-forms. We may assume that
1
0
E,=].
0
by a GL(s, R) change of coordinates in the .# variables 6.

Certain commutation relations hold among the C ;’sand the E’s which we
will exploit to prove the lemma. In determining integral elements, one may
freely specify pfl , 1<g<l, pllz, and 1)212 and these determine the integral
element by

1 1
by Py 1
=G )Y E ;P
I
Pyj Py
and
1 1
p;j Dy, |
(2.5) =G | HERs
I 1
pi; Py
where pzli is gotten using
1 1 1
Pi Py 1 Py 1 |
(2.6) =G | FEP =G| G 1 +Epy | +Epyy-
I I
P Py Py

Requiring pfj = p;’i gives compatibility conditions
1 1
C/(CT+ Epy) + E,py; = C(CI1+ E;py)) + E;py
where by (2.6)

| L k11 11
Py =(C))kPyy + 6,0y + €Dy
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Comparing the pzl2 terms in (2.6), we have E j(eil p212) = Ei(e}pzlz), which im-

plies the relation |

1 11

eje; e e;

I [ 1

. e e;e;

Since

1
0

E,=1.1,
0

we have e{ =0, 2<r</!. Hence nf occurs only in the top row, so the 17212
coefficient in the expansion of the first entry of the mean curvature vector is
1+ (e3')2 + 4 (e3')2 which is never zero.

/

Lemma 2.5. Any involutive tableau of any dimensions, with s} = sy =--- =5, =
1, forany 1 € Z*, cannot be an m-tableau.
Proof. We may write the nonzero part of such a tableau as

(T, Mgy e s Ty ¥y ey ),
where =, , ..., n; are independent and *’s are linear combinations of the =,’s.
One may arbitrarily specify pll (e p,ll and the entries * will only add positive
numbers to the sum ELI p,.li (e.g. if the entry in the (1, m)th slot is lknk
then p,lnm = (lk)zp,ik )-
Proposition 2.6. Any submanifold of E whose Gauss map’s image is an open
subset of any u(SO(3)) orbit is linearly full in E!
Proof. This is clear as the linear span of the u(SO(3)) orbit of any p-plane is
all of R?™*! as the representation u is irreducible on R2"*!.

2n+1

3. INTRODUCTION OF COMPLEX NOTATION AND THE AUXILIARY MANIFOLD

Notice that in all cases the equations have the same symbol (in the sense of
EDS, see [BCG3]) as the Cauchy-Riemann equations. This suggests introducing
complex notation. Assume p is odd (¢ = (p — 1)/2), the even-dimensional

cases are similar. Let

r 2r 2r

3.1) =0 +vio”, 1<r<aq,
ea =wZ(a+q)—1 +iCl)2(a+q), 1<a< n-gq,
m=a+if and 7 =’ ' —io” et. ....

We have

J:{Oa,éa}, Q=a)0/\nl/\f]l/\-“/\’7q,
(3.2) d6°=...=d6" =0 mod.7,
de' = —c,m AN’ modSF
and similarly for the conjugate equations.
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Notice that the equations do not involve «°, 77’ yeens r]"'lr‘]’ s eens 77"'1 and
p . In the language of EDS, the lines these forms are dual to are called the
Cauchy characteristics. In general, a differential system defined on some mani-
fold M may actually be defined on a quotient manifold of M by quotienting
out the Cauchy characteristics. Call our quotient manifold N . The differential
system on # descends to a well-defined system on N, and although the indi-
vidual forms 6%, #?, n, 8%, 7%, and 7 themselves do not descend, in our
case the line each spans gives a well-defined line in each fiber of T*N. The
collection of these lines spans T*N. Note that span {6, n?, n} defines an
almost complex structure on N by specifying the (1, 0) subspace of TN .
Since

dn'=d6° =dn=0 mod{6°, n*, n},
by the complex Frobenius theorem we see that this almost complex structure
is integrable, giving N the structure of a complex manifold. Moreover, the
differential system .# on N induced from # on & is a Cauchy-Riemann
system, i.e. solutions to .¥ are complex curves in N .

Geometrically, N is the space of rulings of ! by certain (p — 2)-planes
and a complex curve in N specifies the (p — 2)-planes whose union fills out
the minimal submanifold in E?"*!. Since the minimal submanifolds depend
on solutions to the Cauchy-Riemann equations and since we know how to solve
the Cauchy-Riemann equations explicitly, one might hope to give an explicit
formula for the minimal submanifolds. We begin the general construction in the
codimension two case and carry it out explicitly for the case of three manifolds
in E° , indicating how to write out the general cases.

4. COORDINATES ON

To get an explicit formula for solutions we need to put coordinates on % ,
and to do this we take advantage of the geometry of the differential system by
using coordinates that reflect the projection onto N . In fact we go further and
notice that the natural projection F — S§?=SU (2)/U(1) factors through N.
On S* we have a standard metric # o 7 where

. 2dz
t=——
1+ |z
and 7 is the pullback of # to # . So take
is
(4.1) L d22
1 +|z|

where z is a complex variable and s is a real variable. The ¢ is inserted
to measure rotation in the fiber. The structure equation dn = ip A m and the
reality of p require that we must have
i(zdz-12zd2z)

1+z)2

(4.2) p=ds+
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Let 6 = 6" ; recall that by (1.1) (taking ¢ =¥ of (1.3)) we have

(4.3) d(77=—\/g7tAr1"_l +inpA®.

Notice that .
de™"™ (1 +|z)) "0 Adz) = 0;

so by the complex Pfaff-Darboux theorem we may write

_ " (dw - ydz)
e T Ty

where w is a well-defined function on ¥ modulo dz. w may also be con-
sidered as a function defined on N (again modulo dz) and, on N itis a
holomorphic function (by the complex Pfaff-Darboux theorem). Similarly y,
considered as a function defined on N modulo dz is also holomorphic because
0 A do is the lift of a well-defined (3, 0)-form on N. To find a coordinate
expression for 77""1 we compute d6 in coordinates and compare it with the
structure equation expression (4.3), substituting in the coordinate expressions
for m, 6 and p. We get

2. /T is e nis =
(4.5) %dz/\n l=e—dz/\( 2nz dw—dy)
z

1+ (1+|z]»)" 1+ |z
SO
(n—1)is = d
4.6 G P2 dw-24p, dz
( ) n \/¥(1+|z|2)n—1 1+|Z|2 2 pn—l

where p,_, is a complex valued function defined modulo dz.
We could continue by computing d n”_l two ways to get an expression for
n-2

n etc...., but instead we now specialize to the case n = 2, i.e. E’. Let
n=n", p=p,_, . Equations (1.1) and (1.3) tell us

dr]=—\/§n/\w0+ipAr7+7'z/\0,

and (4.6) specializes to

e* 2z dy
= dw-—=—+pdz].
AP (1+|z|2 2 )

To simplify the calculations, let

_2zw
1+ |z

-2,
2’

then

, . 52
di— 2zdw dy 2wdz 2z’wdz

= —— - — + s
1+)zP 2 (1+]z)* (1+(z)?
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and we may write

is
(4.7) n=—2 (d1- 2291 44z).
(1+1z2]%) (1+1z2[%)
Comparing our two expressions for dn we get
(4.8) 2V30" 2zdi 4dz 5 +dg+mdz

T+l (12D
for some function m defined modulo dz. To determine m and g we differ-
entiate further. From (1.1) and (1.3) we have

dw°=—‘/2-§(fz/\n+n/\r7).

Comparing with de® in coordinates gives

__ 27'di_ 822dz  6g—q)dz__ 6dA
A+1zP? (1 +1z2P a+z) (1 +]zP)?

mod{dz}.

Taking
27222 61

(12?1 +]2P)?

implies that .
2(zA - zA)

(1+121%)
and the reader may check that everything works out. Setting ¢ = Re(g) so that

q=t+M5§l gives

(1+]2)%)

e Z(dl— 2wd§2+(t+211m(zf)> dz)’
1+|z| (1+]z]%) (1+]z[)

51+ 2°A
TR N
(1+z[)
Finally we need to express g € SU(2) in terms of the coordinates (s, ¢, z, Z,
w,w,y,y) onF . Write

a -b
g=<b —a)’ aa+bb=1.

q-49=

(4.9)
2\/§O)o=dl+-—'—2—2RC zdA
(1+z]%)

Recall that (1.2) says
1

_ ip —n
g ’dg=w=§<p

. —ip) or dg=gv.

Comparing the first row of each side gives
da = }(iap - bn), db=—j(-an+ibp).

We conclude that
a= eis/z(l + |z|2)_l/2, b= ze_is/z(l + |z|2)_l/2.
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5. THE EXPLICIT FORMULA FOR 3-FOLDS IN R’

To compute u(g) for g = (2-2), we compute the induced action on

C*™*! = Sym*"(C?) and then take a real subspace (Alternatively we could com-
pute the map SU(2) — SO(3) (the Hopf map) and then compute the SO(3)

action on R*"*!' = #" : the harmonic polynomials of degree n on R’

The induced action of Y € su(2) on xfxé (where k + 1 = n and we write
x,x, for x ox, etc....,)is

Y(xfx;_) =k(Yx, )xf—lxé + l)c:‘(sz)x;_l

We want a basis of C° = Sym"(C2 ) such that we have the Maurer-Cartan
form

2ip -m
n ip —\/gﬁ
(5.1) ¥, = Vit o —\/in

T =2ip

(This is the natural basis of decreasing weights along the diagonal and structure
equations (1.4).)
Taking

the reader may check that the basis of Sym“(C2 ) that gives (5.1) is
v, = xf, v, = 2xl3x2, vy = \/Exlzxzz, v, = 2x1x23, vs = x;,

and the corresponding real basis having (1.2) as its Maurer-Cartan form is

1 i
€ =10, ¢ =ﬁ(—v2+v4), e2=—7§(v2+v4),
(5.2) .
i

1
e, = ﬁ(vl +v5), €= 75(”1 — V).

We actually do not need to work with the real form directly, as we may use
the complex notation (3.1) throughout. So we compute the map u.: SU(2) —
GL(S5, C) instead.

Let
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We have
kI k l
,uc(g)(xl xz) = (gxl) (gxz) s
so in the basis v,, ..., v; we get
(5.3)

at -24°b V6a*b? -24b° 5*
2% d*(a? -3b%)  V6ab(b): - |al®) B*Gla® - b)) -2B%a
uc(e) = | vBa’* VEab(la]® - 1b)>)  1-6laf|b*  VEab(b]’ - |a|*) V62’
2ab° b 3lal® - %)  Veab(al* - |b)*) al(la®*-3b) -22%b
b* 2ab* V6a*h? 22%b a*

Let V = spang{v,, ..., v5},let T: V— R’ denote the linear map extending
(5.2), and let &, denote the principal coframe bundle associated to (SU(2)).
We have the following commutative diagram (where we slightly abuse notation
by also calling the induced map on coframe bundles T ):

T—l
— %

n(g)uol luc(g)uo .

RR— vV
T—l

Hence u(g) = T#C(g)T_1 . Recalling that

x° «°
x! o'
d xz =u(g) | |,
x o’
xt ot
we may write
%0 o’
L5 Lo
T™d| x| =uc(@T o |
x o’
x* ot
ie.,
L(dx® - idx*) 10
\/L-(dx —idx?) -—7157]
dx° =puc(8)| o
%(dx +idx?) 7‘571
7-(dx +idx* 7159
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Thus on our adapted lift of R® to & we have

5.5
> dx® = 2V/3Re(a*5%8) + 2v/3(|b|* — |a|*) Re(@bn) + (1 - 6lal*|b]*)’,

dx' +idx® = 2ab°8 — b*(3|a)* - |b])7i + 2v3ab(|a)’ — b)) @°

+a*(|lal* - 3|b/*)n - 2a°86,
dx’ +idx* = b*6 - 2ab°7 + 2v32b* 0" + 23’ by + a*6 .
Substituting in (4.9) and (4.10) and reducing modulo {dz, dz} gives
=2

2
dx052\/§Re( d a'w+z(|z' _l)d/l)

(L+1zD* " (1 +1zP)
- 6|Z|2 1 2Re(2d1) .
+(1 <1+|z|2>2)2f3 (d’+'('1'+_|z|2)) mod{dz, dz},

3 5 2 2 5 2 =

dx' +idxt= 2z ah;)4 z°(|z)" - 3)3d/1 + z(1 - |22|2) di + 2Re(zd21)
(1+1z]%) (1+]2]%) (1+1z2]%) (1+1z]%)

(1-3|z/)dA _ 2zdw

A+iel? iy ol A
45 + ids’ = dw  22d] N z? (dt 2Re(fd,1))
(I+1z3* 1 +1z2h (1 +]z)? (1+|z|%)
2zdA dw mod{dz,dz}.

A+12P (4 12P)

After a trivial integration, and checking that none of the dx' contain terms
involving only functions of z times dz or dz, we have the following

Theorem 5.1. Given a holomorphic function of one variable h(z), setting w =
h(z), y= % one obtains a minimal 3-manifold in R given in coordinates by
o_ 1=z’ +]z]° | 2(=2+2z" +]z]°)
2V3(1+ |22 V3(1+]z)?
-5+2|z)* +|z/*
T 2V3(1+ (2P
I |z2|22)t_ 2z)z*(2 +2|f|2) ~ 2z32 -
(1+1z2]%) (1+z]) (1+12]%)
_1=21z |z z?
214127 7 (1412
z* 1+4|z)* +2/z* z
e D TP P U TP P
2 3
_z(|2]"+2) + z

Re(zzw)

Re(zy),

(5.6)

37,

4
3 . 4
X +ix =

2 +120” T
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Remark. These are not all the solutions; only solutions having invertible Gauss
maps are obtained. For example 3-planes are not among the above solutions.
One could derive a more general formula, but it would involve integrals.

Finally we give a description of the simplest solution for 3-folds in E’
(h(z)=0).

Consider R’ as the traceless symmetric 3 x 3 matrices. The cone over the
real Veronese, C,, is the set of rank one matrices whose repeated eigenvalue
is positive (see [M] or [HsL, Example 1.4]). Let opp C;, denote the cone over
the opposite Veronese (rank one with repeated eigenvalue negative, see [M]).
In [M], the cone over the real Veronese is shown to be twisted calibrated. This
essentially means that it is minimizing with respect to other submanifolds of
R’ —opp C;, whose orientation bundle is the restriction of the trivial line bundle

on R’ — opp C;, . Among these are all “nearby” manifolds, so in particular the
cone over the real Veronese is stable.

Proposition 5.2. The minimal submanifold given by w(z) = 0 is the cone over
the real Veronese, C,, .

Proof. As shown in [M] and [HsL], the cone over the real Veronese is the
L(SO(3)) orbit of a weight zero line which is diag(t/Vv3, t/V3, —2t/V/3) in
the matrix model, or the x° axis in our model, i.e.

g€ SUQ) § =1 Tuc@T ™' | 0 |lgeSUQ)

9]
<
I
=
o
cooco~
cooco~

Using complex notation we have (where the *’s consist of redundant informa-
tion)

t 0
o 0
Tuc(8)T |0 =Tuc(g)| ¢
0 0
0 0
*
* ¥
_ _6jz
1| a-safppy =] <_u1+|zf>’)
Veéab(|al® - b))t oL
\/gazbzt V622t
(1+z]%)

which comparing with (5.6) we see is the solution w(z) = 0 (after scaling ¢ by
1 .
W)

Remark. One can easily see that, in general, the zero solutions for 3-folds in
are always the orbit of the weight zero line. More generally, the zero

R2n+1




MINIMAL SUBMANIFOLDS OF E***! 117

solution to any case will be the orbit of a (p — 2)-plane which is preserved by a
maximal torus (an S 1) .
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